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Efficient non-reflecting boundary condition constructed via optimization of damped layers
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In this work we use analytic and numerical techniques to construct optimal, nearly reflectionless boundary

layers for lattice dynamics by tuning the mass, stiffness, and damping of those layers. Using a one-dimensional
nearest-neighbor chain as a model system, we obtain analytical results for the low and high-frequency behavior
of such boundary conditions, as well as a continued fraction solution for the reflection coefficient of multiple
layers. In addition, we obtain optimal parameters for the one-dimensional system and a three-dimensional
system using wave packets with normal incidence and compare the results to an implementation of the exact
boundary condition in one dimension and optimal versions of the commonly used ramped damping in three

dimensions.
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I. INTRODUCTION

The need for reflectionless boundary conditions is clear in
any simulation involving waves in a domain that is necessar-
ily finite due to computational resources. Many treatments
have been developed for waves in continuous media, e.g.,
acoustics and elasticity! as well as electromagnetics.> Here,
we are concerned specifically with discrete lattice dynamics
and our goal is to develop tuned, computationally inexpen-
sive, easy-to-implement nonreflecting boundary conditions
for molecular dynamics (MD) and MD-based multiscale ap-
plications that avoids storage of the history of the atomic
trajectories and the computation of convolution integrals.

The form of an exact reflectionless boundary condition is
known. Adelmann and Doll? derived a generalized Langevin
equation based on a continued fraction representation* that is
the exact solution to the problem of reflectionless wave
propagation in a semi-infinite one-dimensional (1D) chain of
atoms. This treatment involves a convolution of a system-
dependent kernel with the history of atomic displacements or
velocities near the boundary of the system and was subse-
quently called the time history kernel (THK) when used in
multiscale applications.’ The THK is the optimal solution for
propagation in linear media and, with perfect precision arith-
metic and an arbitrarily long history, it is reflectionless. For
more complex, three-dimensional (3D) systems the kernel
can be determined numerically® or analytically,” although
evaluation of the analytical expressions for typical 3D sys-
tems remains a challenge. In all cases, the kernel unfortu-
nately has a very slow and oscillatory decay in time and
therefore is very expensive computationally.

E and co-workers were apparently the first to form an
optimal approximate boundary condition in order to increase
efficiency.® With their variational boundary condition (VBC),
they generalized the problem to finding the optimal coeffi-
cients of a finite kernel. The particular form of the VBC
subsumes the THK and allows for trade-offs in the length of
kernel history versus the number of boundary layers.” The
coefficients of the terms that comprise the kernel, which is
nonlocal in time and space, are derived based on the mini-
mization of the reflection coefficient across the Brillouin
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zone. In their perfectly matched multiscale simulation
(PMMS) method,!®!" Li and co-workers took an alternate
approach by forming the discrete analog to the well-known
perfectly matched layer (PML) of continuum wave
propagation.” The discrete PML (Ref. 11) and its extension
MD-PML,'? attempt to create a reflectionless boundary layer
by employing complex-valued elastic constants that vary in
space. The change in elastic properties allows one to tune the
impedance of the boundary condition while introducing dis-
sipation through the damping caused by the imaginary parts
of the constants. In the simplest versions of the PMMS
method, the impedance matching is not exact although the
boundary condition is local in time and consequently rela-
tively simple to implement in existing MD frameworks.
However, the method is predicated on determining an opti-
mal damping function which, to date, has not been deter-
mined; only ad hoc forms of this function have been used.
The MD-PML method more closely matches the impedance
of the original MD system at the cost of a considerably more
complicated, coupled dynamics in the region where the
boundary condition is applied. Comparative studies of the
various methods can be found in the literature.”!!:13

Our proposed method is also motivated by finding an ef-
ficient, optimal approximate boundary condition using essen-
tially the same objective function as Li and E.? namely, the
obvious one of minimum average reflection coefficient over
a range of frequencies.”* Unlike E and co-workers we limit
ourselves to multilayer treatments that are local in time, i.e.,
no storage of history nor convolution, in an effort to produce
a method that could be applied in an MD simulation without
modification of the underlying code. For instance, the pro-
posed method was constructed in the well-known LAMMPS
code!* without modification. It relies on treating the mass,
damping constant, and stiffnesses of atoms participating in
the boundary condition as parameters which may be varied
to optimize the reflection coefficient. The optimization pro-
cess we employed is a combination of analytical and numeri-
cal methods for simpler systems and is fully numerical for
more complex systems. To this end, we present results yield-
ing an analytic expression for the reflection coefficient as a
function of frequency for an arbitrary boundary condition in
a 1D harmonic chain. Moreover, we introduce the use of
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multiple Gaussian wave packets in a single MD simulation
as a new method for determining the frequency response of
the boundary condition. Given the free parameters and dy-
namics of our simple one-dimensional model system, the
boundary layer can be interpreted as a sequence of second
order filters. In this context, we observe that the optimal
layer is constructed by evenly spacing the zeros of the reflec-
tion function in the frequency range of interest.>> This effects
a collocation of the reflection function to zero at specific
frequencies.

In Sec. II, we summarize early results for reflection in 1D
systems and present analytical results that represent a con-
siderable generalization of the previous analysis.'> These ex-
pressions are used to derive the behavior of a general bound-
ary condition in the high- and low-frequency limits. In Sec.
III, we put the boundary treatment into practice and apply
our numerical optimization scheme. We give some rationale
for choosing among the various permutations the modified
damped layer can have, i.e., modification of mass; spring
stiffness, either per atom or per bond; and damping, either
per atom or per bond. With 1D simulation results based on a
discrete sampling of the reflection spectrum using wave
packets, we are able to show good correspondence with the
novel analytical results. Then we apply the same methodol-
ogy to a 3D system with a more complex lattice and intro-
duce the multiple wave-packet method for MD as a novel
means to efficiently quantify the behavior of a specific
boundary condition. We conclude with discussion of future
work including the treatment of general three-dimensional
problem where normal incidence on a planar boundary is not
assumed.

II. 1D CHAIN ANALYSIS

The model system we consider for analytical treatment is
a monatomic, harmonic 1D chain with mass m, nearest-
neighbor interactions, and spring constant . The equation of
motion for atom n in the chain, with displacement u,, is
given by

m’;in = K(un+l + Uy — 214,,), (1)

whose Fourier transform determines the dispersion relation
1
w(k)? = 203(1 - cos(ka)) = w2, sinz(ika), ()

with the maximum frequency twice the natural frequency of
a bond:w,,, =2 ”—'; =2w,. Here a is the lattice constant. Pe-
riodic boundary conditions allow one to guess that the steady
state solution is the real part of

u, =Aiei(kna—wt), (3)

where A; is a complex amplitude determining the overall
phase of the wave and the energy in the wave (which is
proportional to |A;]>w?). The velocity is simply the real part
of v,=—lwu,.

A. Reflectionless boundary condition

As mentioned in the Introduction, the THK (Ref. 3) is a
linear operator on the velocity or displacement history. It
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effects the linear response of semi-infinite lattice and, conse-
quently, it is a perfectly reflectionless boundary condition for
small amplitude waves. The THK is derived by separating an
infinite one-dimensional chain into two parts, the explicit
(n=0) and the implicit (n>0); solving, with transforms, for
the trajectories of the implicit half in terms of the trajectories
of the explicit half; and then substituting these equations in
the equations of motion of the explicit atoms to eliminate
unwanted degrees of freedom as in the Mori-Zwanzig
formalism.'® For a nearest-neighbor one-dimensional chain,
the equation for the last explicit atom (index n=0) is

t

miig = r(u_; — ugy) + f 0t — Dug(t)d7+ r= r(u_; — uy)
0

+ Kty — f Bt = )iig()dT+ 1, 4)
0

where the kernels are: 9(t)=—27'(J2(2w0t)= B(1), and
B(t)zﬁ]l (2wyt). Here, J, and J, are the first-order
and second-order Bessel functions of the first kind, respec-
tively. Note that the terms, r=6(t)i;(0)—6(t)u;(0) and
rg(t)=r(t)+ B(1)ii;(0), that collect the initial conditions are
zero if the removed part of the chain is quiescent at =0.%6
The approach we consider in this work essentially amounts
to simplifying the history kernel while not treating the initial
conditions, which are temperature dependent. Consequently,
any available method in the literature of treating the finite-
temperature effects in these terms could potentially be used
without modification in our method. Here we define
K

B= f B(t)dt = (5)
0

O]

and note that B(0)=«. For a linear chain with a quiescent
start, Eq. (4) reduces to

("1
ml;io = K(Ml - Mo) - Bj :Jl[sz(t - T)]I/io(T)dT. (6)
0 T

It is often approximated as

miiy = k(uy = ug) — Piig, (7)

to avoid the convolution integral.

In practice, the integral in Eq. (4) needs to be approxi-
mated by a quadrature based on the discrete time history of
the numerical integrator

miig(iAf) = k{u; (iAt) — ug(iAr)]
min(N,i—1)
= 1 e
—B 2 ——[2wAti - )ig(jAD). (8)
j=0 1=J
where At is the time step and the current time t=iAt. As we
see in Fig. 1, the performance of the THK truncated at a
finite length degrades with decreasing kernel size N and
eventually behaves like a simple damped boundary condi-
tion. Here we have defined the reflection coefficient as the
ratio of reflected energy to incident energy as a function of
frequency of the incident waveform. It is also noteworthy
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FIG. 1. (Color online) Comparison of the (energy) reflection
coefficient as a function of frequency for truncated, finite THKSs of
varying convolution length. Frequencies have been normalized by
.

that the high-frequency response is considerably worse than
the low-frequency response. Finally, we remark that this
boundary condition in 1D requires storage of order N and
additional floating point operations of order N at each time
step. Moreover, as the timestep Az is decreased, N must be
increased in inverse proportion to Af in order to achieve
similar performance to the N=2000 case pictured here. In
three dimensions, the scaling is the same, although the abso-
lute storage required and computational expense is greater. In
contrast, the method we propose below is independent of the
time step and requires additional storage and computation of
order the number of boundary layers used, which will typi-
cally be a much smaller integer than the history kernel
length.

B. Interfaces

An imperfect boundary condition will inevitably create a
change of impedance at the interface between the explicit
region n <0 where the dynamics are important and the im-
plicit region n=0 which tries to mimic a semi-infinite chain.
Scattering off an interface between regions with different
force constants has been solved algebraically. For an inter-
face at n=0 between regions with force constants « and «,
Eq. (1) becomes

miin = K(un+1 + Uy — 2un)» n< 0, (9)

miig = k(u_y — up) + K, (u; — ug), (10)
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n>0. (11)

m';in = K+(un+l +up g — 2”;1)?

The solution to these equations was first presented in the
literature by Steinbriichel,'® whose approach we summarize
here. For an incident wave traveling from negative n in the
direction of increasing n, the ansatz is

u,= ei(kl-na—a),-t) + Rei(k,.na—w,t), n< 0’ (12)

u, = Te'krma=ed — p = (13)

Continuity of displacement and its time derivatives for all
times yields the condition

W= 0= 0= o, (14)
while the dispersion relation for n <0 yields
k.=—k;. (15)

The wave vector of the transmitted wave is determined by
the condition of equal frequencies using the dispersion rela-
tions of the two semi-infinite crystals so that we finally have

u, = ellkna=on 4 Reit-kna-on <) (16)

i(kna—wr)
9

u,=Te n=0. (17)

Using Eq. (9) for n=-1, substituting in the ansatz of Egs.

(16) and (17), and using mw?’=k(eXi“+e7*i4-2) yields a

statement of displacement continuity at the interface
1+R=T. (18)

Equation (10) with similar substitutions of the ansatz and the
dispersion relation for the semi-infinite crystal with force
constant «, yields

Tk, (€% = 1) + k] = k(e7 %@ + Rekic), (19)

There are now two Egs. (18) and (19) in two unknowns, T
and R, which give the amplitude of the reflected wave

~ K(l _ e—ik,u) + K+(e—ik,a _ 1)
T k(e —1) — k(e —1)

(20)

C. Single boundary layer

A central idea of nonreflecting methods is that the re-
sponse of a large, effectively semi-infinite region n=0 to
incoming waves can be approximated by appropriate bound-
ary condition acting on a small portion of this region. To this
end, we consider the effect of replacing the semi-infinite re-
gion with force constant . (i.e all n=0) by a series of

FIG. 2. (Color online) 1D chain of atoms with nearest-neighbor interactions where properties of the atomic layers for n=0 have been

modified.
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so-called “boundary layers” with modified mechanical and
elastic properties, see Fig. 2. When these modifications yield
linear equations of motion, a similar method to Steinbriich-
el’s allows the determination of the reflections from this
boundary region. For instance, if viscous damping only is
applied to this terminating atom at n=0 Eq. (10) becomes

moti = k(u_; — uo) = yiig. (21)

On the other hand, if the boundary atom is also bonded rig-
idly to a fixed atom, i.e., to maintain the lattice constant and
prevent relaxation at the terminating layer, Eq. (10) becomes

motio = k(u_y — 2ug) — yiig. (22)

Indeed, these equations are specific cases of the general
equation of motion

mOl:iO = K(l/l_] - Mo) + )\M() - Wo, (23)

where an elastic force with force constant N and a viscous
damping force with damping constant y acts on the boundary
particle.

To determine R for these boundary conditions, one recog-
nizes that for an incident wave traveling in the direction of
increasing n, the ansatz is unchanged from Egs. (12) and
(13). Substituting the ansatz into the equation of motion for
n=-1 yields Eq. (18) again so that the displacement of atom
0 is now known in terms of R. Substituting into the equation
of motion for n=0 and solving for R yields

m . m .
K<1 - —°>(1 —e i) 4 =Lk — 1) =\ —iwy
R= m m

K(l - @>(eikvﬂ DL U U S iwy
m m
(24)

In the case where my=m and for the specific w that satisfies
A +iwy=-k,(e7*“—1), the boundary condition has matched
the impedance of the semi-infinite region with lattice con-
stant « and Egs. (20) and (24) are equivalent expressions.
Only for this particular frequency will the boundary condi-
tion have a zero reflection coefficient R(w)=0.

For a multiscale simulation, the response of the boundary
to long wavelength (i.e., continuum scale) excitations may be
of particular concern. In the limit of zero frequency,
e“ ki~ | +iwca where c=awy is the speed of sound in the
1D material. Equation (24) becomes

. lkwca—-N—-iwy
R=lm——F77,
w—0lKwea + N +iwy

(25)

indicating that the presence or absence of an elastic force at
the boundary governs the long-wavelength response of the
boundary irrespective of the value of the mass my. Specifi-
cally, a nonzero elastic force Aug leads to R(w=0)=-1 indi-
cating an inversion of the wave at the boundary while A=0
yields a value less than 1 for y>0 (i.e., for dissipative damp-
ing). Similarly, the short-wavelength, high-frequency limit
occurs when k;a=—m and w=w,,,, yielding
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FIG. 3. (Color online) The reflection coefficient R? as a function
of frequency for a chain with a terminal spring A=0.4235« and

damper y=0.8866,3, which happens to be the optimal boundary
condition of this type. Frequencies have been normalized by wy.

mny .
2k—4k— - N —iwy
m

R= lim

W,

=-1. (26)

max

g .
2k+4k— + N +iwy
m

This result shows that complete reflection (accompanied by
inversion) of the highest-frequency waves occurs indepen-
dently of the parameters chosen for the boundary condition.
Figure 3 shows the frequency response of a chain of at-
oms where the addition of a harmonic well, A >0, at the end
of the chain creates a zero in R*(w) =|R(w)|* near the middle
of the Brillouin zone. We also see that R%(0)=1 and
R*(wy,)=1, as predicted. By examining the form of the
THK (6), we see that the stiffness of the THK goes to zero
for slow disturbances, i.e., w— 0. Clearly, the addition of a
harmonic well at the end of the chain does not have this
property. The choice of what modifications to the boundary
layers are optimal will be treated more fully in Sec. III.

D. Multiple boundary layers

A straightforward extension of Steinbriichel’s method can
be used to determine the reflected amplitude for a more gen-
eral, and more typical, system with a multiple-layer bound-
ary region terminating the chain. However, the algebra
quickly becomes cumbersome as the number of boundary
layers increases, and one must consider the different disper-
sion relations accompanying any change in the elastic prop-
erties of a layer in the boundary region. Here we show that a
simpler method may be used to solve the general problem
when one need only determine the value of the reflection
coefficient R.

For a series of N damped layers, take the interface be-
tween the undamped and damped layers once again to be at
n=0. The boundary region is specified by the N equations of
motion

myjig = r(u_y — ) + Ko 1 (g = ug) + Noltg = Yolhos

(27)
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mnﬁn = Kn,n+1(un+l - un) + Kn—l,n(un—l - I/l”) + )\nun - 7}1”}17

(28)

my_ytin_y = Kyoo no1 (ty_g = Un_y) + Ny_qtiyo = Voot -
(29)

The N layers are considered to have arbitrary bond stiff-
nesses k;;=k;; as well as arbitrary single-body forces
(elastic+viscous) and arbitrary masses m;. In this manner,
one has considerable freedom to optimize the boundary con-
dition with respect to these parameters, tailoring it to the
desired properties.

For the Steinbriichel method the ansatz of Eq. (12) is
unchanged, recognizing that R is the superposition of the
waves reflected at the interface between atom —1 and 0, O
and 1, 1 and 2,...N-2 and N-1. Equation (13) is correct for
only the terminating atoms and is consequently generalized
to the following N ansatzes

U, = Tnei(knnu—wt) +Rnei(—knna—wt), 0=n<N-1, (30)

Uy_| = TN_lei(kN_l(N—l)a—wt), (31)
where it should be noted that the wave with amplitude 7,
propagates in the positive x direction and the one with am-
plitude R, propagates in negative x. These equations can be
solved algebraically; simplifications abound because the
phase factors e “¥"% always occur as a factor with T, (upper
sign) or R,, (lower sign). However, if one is only interested in
R, as is the case here, then the displacements u,, may simply
be eliminated beginning with uy_; and ending with u, to
determine R. For this solution, the initial relation of Eq. (18)
is replaced by

1+R=R0+T0, (32)

when Egs. (16) and (30) for n=0 are substituted into Eq. (9).
Rewriting uy_; in terms of uy_, via Eq. (29) yields

KN-2,N-1 "
2 . N-2
(KN-z,N—l —My_ 10" = Ny_ —i0Yy_)

= GN—I“N—Z' (33)

Uy-_1 =

Indeed, u,, may generally be written in terms of u,_; as
u,=Gu,_;, 0=n=N-1. (34)
The functions G,, are determined from the recurrence relation

_ Kn—l,n
" (Kn—l,n+ Kn,n+1(1 - Gn+1) _mnwz_)\n_iwyn),

0=n<N-1, (35)

G

which is a continued fraction in the functions G. The recur-
sion is terminated using Gy_, given in Eq. (33) or alterna-
tively by defining Gy=1 and using Eq. (35). Finally, given
ug=Gou_y along with u( and u_; being known in terms of R,
one has
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Goe_ikia -1
R=—"—7—"—. 36
1 - Gpe' (36)
In the high-frequency limit w—w,, we have

exp~iki® — —1 once again yielding R ——1 irrespective of the
parameters used for the boundary region.

III. OPTIMIZATION OF DAMPED LAYERS

The analytical results from the previous section can be
used to study the 1D chain in great detail, but their applica-
bility to typical 3D systems of interest is more limited. In
this section, we determine the optimal parameters for various
types of boundary conditions using our analytical results as
well as numerical techniques that will be introduced in this
section.

We first apply the purely analytical results of the previous
section to the PMMS/PML method!®!! in order to determine
optimal damping functions for that method. We then turn to
MD (Ref. 17) simulations in both 1D and 3D. We employ
Gaussian wave packets to sample R(w) and then use this
information to optimize the parameters of a particular bound-
ary treatment. Our technique uses wave packets at many fre-
quencies in the same simulation for efficient sampling.

Briefly, MD uses Newtonian dynamics with a numerical
integration (in our case velocity Verlet) to simulate the par-
ticle trajectories subject to interatomic forces, see, e.g., Fren-
kel and Smit’s text.!® The first MD system we consider is a
simple chain with a monatomic basis. The second system is a
3D silicon crystal with a “long” direction along the x axis
and periodic boundary conditions in the y and z directions.
The interface between atoms of interest and the atoms for the
boundary condition lies in the y-z plane at the high x end of
the simulation cell. For the excitations studied here, the 3D
system is analogous to the 1D system although its dynamics
are more complex.

Each optimization is used to validate the next. We use the
optimal, analytically derived 1D damped boundary condition
to validate the numerical results that are derived indepen-
dently using the wave-packet method. With the wave-packet
method we treat a richer set of configurations of the bound-
ary layer and we carry over the best of these treatments to the
3D system. The 3D system is then used to test the applica-
bility of this method to a more typical system of interest.

A. Minimization of the reflection coefficient

Here we define the optimum set of parameters P to be that
set which minimizes R?, the average value of R*(w) over the
Brillouin zone. This is certainly not the only possible defini-
tion; but it is the simplest which incorporates information
about the performance of the boundary condition across the
entire frequency spectrum. Alternatively, one may wish to
focus on performance in a specific frequency band or one
may consider thermal systems where it may be more appro-
priate to compute thermodynamic averages and incorporate
the density of states.

Although R(w) is known analytically for the 1D case, the
integral of R over frequency is not, so we use numerical
integration to determine R and to optimize this value as a
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function of the free parameters. The actual values of R for
any frequency w may be determined directly from analytical
expressions or using wave-packet MD simulation. Formally,
the optimization problem is given by

min R2 = min f R*(w)dw
P P WmaxJ o
1
=~ min > R¥(w)Aw;, (37)

P> Aw; i
L

where the rightmost expression is appropriate for the discrete
sampling inherent in numerical integration methods. This is a
nonlinear optimization which we perform with a local opti-
mizer (a Newton-Raphson variant with a finite-difference
Hessian). The solution to any local optimization scheme de-
pends on the starting set of parameters. Hence, as we deter-
mine the optimal solutions for a sequence to treatments of
increasing number of layers, we use the previous solution for
a similar treatment with fewer layers (and parameters) which
is subsumed in the current treatment. In addition, we bound
the range of the parameters so that the critical time step of
the explicit time integration is not affected by the boundary
treatment.

Specifically, we can optimize with respect to a subset of
the free parameters treated in Sec. II D: (a) damping only
P={v}, (b) interatomic spring plus per-atom damping
P={y.k;}, (c) mass modification plus damping
P={v;,m;}, and (d) mass, stiffness and damping modification
P={y,,m;, k;;}. Since the harmonic oscillators representing
the motion of the atoms in the lattice are coupled, each of
these parameters, namely, mass, damping and stiffness, are
independent. In terms of the linear system, mass scales the
diagonal of the dynamical matrix, i.e., the left-hand side of
Egs. (27)—(29) reduced by mass and in matrix form, whereas
interatomic spring stiffness also scales off-diagonal entries.
We did not investigate the addition of harmonic well stiffness
since it precludes R*(0) < 1, as discussed in Sec. II C, nor the
addition of interatomic dampers. Interatomic dampers were
discarded as a candidate modification mainly due to the fact
they were not available in our target 3D code LAMMPS
(Ref. 14) and are also relatively complex to implement due
to the dependence on neighbor lists.

B. Perfectly matched layers

The free parameters of masses, stiffnesses, and damping
constants provide considerable freedom in constructing a
boundary condition. Indeed, the PMMS method using dis-
crete PML!®!! for the boundary region is a special case of
this method. For the 1D chain, the PMMS boundary condi-
tion can be addressed analytically using the results of Sec. II.
Following To and Li,'® we use a so-called “damping func-
tion” d; to define the parameters for layer i. Li et al.'! present
two possible boundary conditions that are local in time (and
one that is nonlocal in time that we will not treat here). The
boundary conditions differ by the choice of exponent in a
scaling function used to modify the dynamics of the atoms in
the boundary layer. For the simplest case, each boundary

PHYSICAL REVIEW B 81, 094301 (2010)

ramped damping —+—
CT quadratic stretch
optimal quadratic stretch -
CT linear stretch =
optimal linear stretch

REFLECTION COEFFICIENT
S

102
2 4 8

NUMBER OF LAYERS

FIG. 4. (Color online) Average reflection coefficient R as a
function of the number of boundary layers. The curves denoted with
“CT” use the one parameter damping function, while the curves
denoted as “optimal” have free parameters equal to the number of
layers employed. The upper black trend line has an exponent of -

3
and the lower trend line has an exponent of —%.

atom experiences a viscous force with damping constant
y;=md; and we refer to this PMMS model as the “linear
model.” In the “quadratic model” the scaling is the square of
that in the linear model and one has the nonzero parameters
)\,-=mdi2 and y;=2md,;. The mass is not considered variable in
the PMMS method, so only a single mass m is defined for the
chain. Likewise, the bond stiffness is held constant so that
k;;=k for all layers. Given these definitions, the reflection
coefficient as a function of the damping function is given by
substitution into Eq. (36).

Given the analytical expression for R(w), the ad hoc ex-
pressions for the damping function used in PMMS may be
critically evaluated. The damping function d;=di* used in
PMML in the literature is due to Collino and Tsogka (CT),"
and has a single free parameter d. We optimize this semi-
empirical damping function with respect to its free parameter
for both the linear and quadratic stretching functions. An
optimization is also carried out for each stretching function
where no functional form is imposed on the damping func-
tion, i.e., each {d;,i=1...N} is treated as a free parameter.
The results of this optimization are shown in Fig. 4 and for
comparison we show the optimal result for “ramped damp-
ing” where the damping constant varies linearly from the
first to the last boundary atom ;=+vi. As seen in the figure,
PML outperforms ramped damping, and the simplest method
with linear stretching, which corresponds to each atom being
damped with no other modification, yields the overall mini-
mum of R*. As the number of layers N increases, we observe
a power-law decay in R*> with R>~ N7, For comparison,
the CT damping function with linear stretching decays as
N7038 while the quadratic stretching decays as N-" in the
optimal case and as N~"* using the semiempirical damping
function.

The optimal damping parameters as a function of the
number of boundary layers N are shown in Fig. 5. Interest-

ingly, the optimal damping constants approach S for the last
(rightmost) boundary atom and approximately follow a lin-
ear, ramped damping profile for the rest of the boundary
atoms. Alternately, it is apparent from Fig. 5(b) that the locus
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FIG. 5. (Color online) Optimal values of the PML damping parameters as a function of the number of boundary layers, (a) counting from
the interface and (b) counting from the free end. The black trend line has an exponent of —%. Damping values v; have been normalized by

B

of damping values decays with nearly power-law trend from
the free end to the interface. However neither approximation
is sufficiently accurate to allow us to ascertain the exact
functional form of the optimal damping profile. The ampli-
tude of the reflection coefficient as a function of frequency
R?*(w) is shown in Fig. 6. The effect of increasing N is to
introduce additional local minima into the reflection coeffi-
cient, thereby lowering the average over frequency. Also, as
N increases zeros in R(w) appear near the high-frequency
end of the Brillouin zone, as evidenced by the cusplike
minima above normalized frequency 1.8.

C. Wave packets

For more complicated systems, the frequency response of
the boundary can be determined via MD simulations using
the multiple wave-packet method.?’ In this method, a set of
wave packets, each with a central wave-vector Ei and central

frequency w;, propagate at their group velocities 2—: s In

particular for a central wave-vector l%-, normal mode ampli-
tudes &, given by
. 22 ri A1 D
&k, + (8k,)£] = Aje™0%e Lk (RITIR; (38)

are combined to generate a single wave packet.”! The sub-
script ¢ labels the phonon branch, which is fixed for a given

REFLECTION COEFFICIENT

zZZzZ22

10-4 h s
0O 02 04 06 08 1 12 14 16 18 2

NORMALIZED FREQUENCY

FIG. 6. (Color online) Reflection coefficient R? versus fre-
quency w for the optimal PML solution with 2, 4, 6, and 10 bound-
ary layers. Frequency has been normalized by w.

simulation. The arbitrary complex amplitude A; determines
the overall energy in the wave packet, and the 6k ,-dependent
phase shifts yield nonzero displacements and velocities lo-
calized about 13,» in real space. The spatial extent of the lo-
calization varies inversely with 77, which is chosen so that
the wave packets do not overlap in frequency content. The
initial atomic displacements are given by

iiy(1=0)=Re X, >, ()&, (R Rriodd|_  (39)
i ;;g

where ii;() represents the displacement for atom i in the unit
cell labeled by /. The polarization vector g,.{(/?) is determined
by diagonalizing the dynamical matrix of the bulk perfect
crystal, as are the frequencies wg(lg), i.e., they are the eigen-
vectors and corresponding eigenvalues. The initial velocities
U;; are given by the time derivative of Eq. (39) at r=0.

To determine the energy transmission coefficients as a
function of branch and frequency, the final displacements
and velocities after transmission through the interface are
analyzed in terms of the normal modes of the perfect crystal
lattice. The inverse of Eq. (39) is used to calculate the nor-
mal mode amplitudes §§(l€) after reflection from the bound-
ary condition. Frequency space is binned with a bin centered
on each central frequency of the multiple wave packets. The
ratio of the energy reflected by the boundary in a given fre-
quency bin to the initial energy in the same bin yields the
discrete approximation to R*(w) sampled over branch /.
Given that the group velocities of the wave packets depend
on their central frequencies, care was necessary in assuring
that the reflected packets all returned from the boundary
within a given time window. In the following, the number of
wave packets employed will be apparent from the number of
points used in the graphs of R*(w).

D. Optimal damped layers

As mentioned at the beginning of this section, we use 1D
MD together with the wave-packet method validated with
analytical results in order to have a fully tested numerical
optimization algorithm for our 3D system. To this end, we
use a 1000 atom chain interacting with a Lennard-Jones (LJ)
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FIG. 7. (Color online) Reflection coefficient as a function of frequency for optimal damping and stiffness compared to the THK: (a)
damping only, (b) spring and damping, (c) mass and damping, and (d) mass spring and damping. The curves that extend from normalized
frequency O to 2 were generated from the analytic solution which was optimized independently.

potential (e=1.0 and o=1.0) as an efficient test case for op-
timizing boundary treatments of fixed type and given number
of layers. It is also an analogous system in all but the non-
linearity to the one analyzed in Sec. II and identical to the
one treated in Sec. III B. The mass of all the atoms in the
unmodified part of the chain was m=1.0. The zero tempera-
ture stiffness of the chain «=72.0 gives a natural frequency
wy=\72.0 and w,/100=0.0012 was chosen as a suitable
time step. Wave packets with positive propagation directions
were generated at the negative end of the (nonperiodic)
chain, please refer again to the schematic in Fig. 2.

1. Optimal solutions

Figure 7 shows the spectral response of the optimal
boundary conditions for the four types of damping layers
described in Sec. IIT A, namely: (a) damping only, (b) inter-
atomic spring plus per-atom damping, (c) mass modification
plus damping, and (d) mass, stiffness, and damping modifi-
cation. Corresponding analytical solutions for some of the
treatments are plotted for comparison and to show the behav-
ior at the ends of the Brillouin zone. It is evident from Fig. 7
that the numerical scheme replicates the analytical results in
an acceptable fashion given the discrete frequency sampling.
The error is seen to be negligible in most cases and greatest
when the function being sampled has a large derivative with
respect to frequency. This trend can be attributed to the finite
spread in frequencies comprising a single wave packet, and

the error may be reduced by reducing this spread at the ex-
pense of a larger MD system size. For reference, the re-
sponse of THK with a 2000 step history and total reflection
coefficient of RZ=0.0031 is also shown. Clearly, the addition
of stiffness or mass allows the optimal placement of zeros in
the reflection spectrum R*(w) as evidenced by the cusplike
minima. As more layers are added the zeros appear to be
approximately evenly spaced across the Brillouin zone which
effects a collocation of the reflection response to zero at dis-
crete frequencies. For this particular system there appears to
be a one-to-one correspondence with the number of zeros
and the number of layers.

Table I summarizes the actual values determined by MD
and numerical optimization for the various boundary treat-
ments considered. As observed in Sec. III B, the set of pa-
rameters {y;} for the damping-only optimal solutions does
not display the linearity of a ramp but there is a marked
increase in 7; from nearly zero to a value nearly equal to S as
the layer index i increases away from the interface and to-
ward the free end. Comparing with Sec. III B, it is evident
that the fully numerical approach has independently deter-
mined the optimal damping function for the linear PML
stretching function, which provides validation of the MD
wave-packet approach in the present context. The monotonic
trend of {v,} can also be seen in the mass-damping and mass-
spring-damping treatments but not in the mass-spring bound-
ary condition. From the data in Table I, we can see that the
trend is nearly a power-law in the damping only and damp-
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TABLE 1. Optimal nondimensional parameters per layer. Masses m; have been divided by the mass of a regular atom m, damping

constants y; by _[3: Vmk and the stiffnesses k;j by the zero temperature stiffness of the LJ bonds «. For comparison, a THK with a kernel of

size 2000 has R2=0.0031.

N R? Yo g Ko,1 " my K12 ) ny K3 b2 ms
1 0.1476 1.000

2 0.0650 0.288 1.059

3 0.0424 0.164 0.282 1.114

4 0.0311 0.122 0.172 0.303 1.167

1 0.1476 1.000

2 0.0434 0.420 1.167 1.121

3 0.0265 0.508 1.188 0.140 0.767 1.185

4 0.0189 0.376 1.148 0.349 0.896 0.129 0.743 1.317

1 0.0316 0.749 0.504

2 0.0068 0.066 0.856 0.799 0.412

3 0.0021 0.004 0.938 0.114 0.823 0.789 0.351

4 0.0008 0.000 0.967 0.028 0.927 0.140 0.790 0.772 0.307
1 0.0316 0.749 0.504

2 0.0040 0.168 0.893 1.086 0.823 0.392

3 0.0013 0.000 0.985 1.039 0.199 0.843 1.086 0.798 0.328

ing with mass adjustment, which is consistent with the find-
ings of Sec. III B. From Fig. 8 we can see that, for the mass-
damping treatment, as N increases the damping per layer
approaches a similar power-law trend to a damping alone
treatment albeit with a slightly faster decay. The mass, al-
though clearly showing a smooth decay, is not well approxi-
mated by a power law (nor an exponential).

The table shows that the optimal solution for a single

layer of damping is y=g, the velocity coefficient in the ap-
proximate B form of the THK, Eq. (7). It is also apparent
from the table that changing the mass to (approximately) half

the normal mass (and the damping to approximately %,(_3)
leads to about five times better reflection coefficient than an
optimal single layer treatment with damping alone. Conse-
quently, the optimal PMMS methods treated here are not
globally optimal, i.e., the variation of additional free param-
eters such as mass leads to significantly less reflection.
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Figure 9 shows the convergence of R? with increasing
number of layers for the four types of treatments. It is appar-
ent that the convergence rate of spring damping is compa-
rable to damping alone and, similarly, mass-spring-damping
is comparable to just mass damping, albeit with better lead-
ing coefficients. This observation is corroborated by fact that
the optimal modified stiffnesses are near the value « of the
unmodified part of the chain. This first result is quite surpris-
ing since spring damping clearly affords the optimal place-
ment of zeros in R*(w) that are absent in damping alone for
a small number of boundary layers. Lastly, it is interesting to
note that total reflection coefficient for the THK with a 2000
sample kernel is higher than the N>2 layer mass-damper
and mass-spring-damper solutions mainly due to the high-
frequency behavior which has been manipulated by placing a
ZETO Near Wp,y-

1.0
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FIG. 8. (Color online) Optimal values of damping and mass for a mass-damper boundary layer counting from the free end. Damping

values have been normalized by B and mass values by m. The black trend line has an exponent of —% which facilitates comparison with Fig.

5.
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FIG. 9. (Color online) Average reflection coefficient R? as a
function of number of layers. The upper black trend line has an

exponent of —1 and the lower trend line —];.

2. Shock

We tested our tuned boundary conditions with a broad-
band disturbance created by a large amplitude velocity im-
pulse in the nonlinear regime, where the amplitude of the
resultant shock was roughly one hundred times that of the
wave packets. This simulation was chosen over, for example,
a fracture simulation since it was much simpler to construct
and analyze while at the same time replicating most of the
qualitative features of an isolated fracture event. We com-
pared the optimal N=3 layer mass-spring-damper treatment
(refer to Table I) to a THK with a 2000 sample kernel.

Figure 10(a) shows the frequency response of the THK
and optimal damping. A fast Fourier transform (FFT) of the
incident velocity waveform was taken after shock developed
but before it interacted with the boundary. Similarly, FFTs of
the reflected waveform were taken after all the
significant part of the wave form had left the vicinity of the
boundary. Figure 10(a) clearly reflects the relationship
E,ofieciea(®) =R*(@)Ejigen(®) and that both treatments are
ineffective at removing the high-frequency content with
nearly zero group velocities.”” Fig. 10(b) shows the temporal
response of the THK and damped layers to the velocity im-
pulse, where both are characteristic of the THK’s 3 kernel
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(4) damped oscillations. Clearly, the exponential envelope of
the layer solution falls inside the envelop of the THK. As a
point of reference for this particular system, the THK treat-
ment took 2.941 s to complete 100 000 time steps, compared
to 0.990 s for the layers solution which represents approxi-
mately a factor of 3 speed up for essentially the same per-
formance.

E. Optimal layers in a three-dimensional system

In this simulation, we employ a 500X 1 X1 unit cell sili-
con system with Stillinger-Weber interactions.?? Although
the long direction of the system draws comparison to the 1D
chain, the potential includes three body interactions and the
silicon lattice has a polyatomic basis, leading to the presence
of optical branches in the phonon spectra. We consider the
response of the boundary to longitudinal acoustic (LA) wave
packets which have normal incidence on the y-z boundary
plane, i.e., the incident wave packets have central wave vec-
tors of the form (k,00), yielding a dispersion relation func-
tionally equivalent to the 1D chain. Although the dispersion
relation of the 3D system is much richer than the 1D system,
we optimize R* only over the LA branch w(k,00) and note
that we do not observe conversion between branches as wave
packets scatter off the boundary. In this case we only con-
sider damping or mass and damping modification per quarter
cell layer, since these boundary treatments are as effective as
those that modify the stiffness and required no modification
of LAMMPS.'#

1. Optimized layers

Figure 11 shows the frequency response of the optimal
filters which are tuned for the full LA spectrum. From Fig. 11
it is not apparent that the reflection coefficient for any of the
boundary layer treatments is approaching one at the high-
frequency end of the Brillouin zone as in the one-
dimensional case without a basis, although this may just be
an artifact of our ability to resolve frequencies at the ends of
the Brillouin zone with wave packets. Clearly, mass damping
is more effective across the full spectrum than damping
alone due to adding zeros of the reflection coefficient near

107

THK ——
A layers -

107

VELOCITY

0 0.2 04 0.6 0.8 1 1.2
(b) TIME

FIG. 10. (Color online) Shock incident and reflected energy normalized by the total energy of the (a) incident waveform and (b) temporal
response for the optimal three layer mass-spring-damper boundary condition and a 2000 step long THK. Frequency has been normalized by

.
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FIG. 11. (Color online) Reflection coefficient as a function of frequency for optimal damping and mass compared to ramped. (a) damping

only, (b) mass and damping.

the middle of the Brillouin zone. This fact is demonstrated
by the convergence rates shown in Fig. 12. The mass-
damping treatment is also more effective than an optimized
linearly ramped damping, which has a convergence rate
comparable to optimal per layer damping. However, unlike
per layer optimized treatments which tend to be more effec-
tive at lower frequencies, ramped damping is particularly
effective at damping high frequencies. Table II shows that
the trends in the optimal parameters are similar but not quite
the same as the 1D system of Sec. III D summarized in Table
I. In fact, the optimal damping for this system is not always
monotonic with increasing layer index i. Figure 12 also
shows that the rates of convergence for similar boundary
treatments are also substantially lower in this quasi-3D set-
ting.

2. Shock

As in Sec. III D 2, we generate a velocity impulse at the
low x end of the system that propagates toward the damped
boundary at the high x end as a test of the ability our tuned
layer to handle a broadband disturbance characteristic of a
fracture event. Figure 13 shows discrete Fourier transforms
of the displacement waveform after it has reflected from the
end for both: (a) an optimal two layer mass-damper treat-
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FIG. 12. (Color online) Total reflection coefficient as a function
of number of layers. Upper black trend line exponent —%, lower
trend line —1.

ment and (b) a simple fixed end condition. The fixed end
clearly preserves the frequency content of the waveform
whereas the damped layer decreases the main displacement
components significantly. The reflection coefficient obtained
from this waveform is, at least qualitatively, consistent with
the frequency response obtained from the wave packets, as
shown in Fig. 11. Both the LO and LA branches show similar
behavior despite the fact that the boundary treatment was
only tuned to LA wave packets. Another observation of in-
terest is:there are many more zeros to the reflection response
than would be expected from the number of layers and the
ID results of Sec. I D (In 1D we observed one zero per
layer for low number of layers of mass damping).

IV. DISCUSSION

We have provided analysis and a numerical methodology
to create efficient, effective, nearly reflectionless boundary
treatments. The methodology can be trivially extended to
band-pass filtering for the low-frequency/high-frequency
split necessary for multiscale domain decompositions. The
one obvious downside to our approach is that it is apparently
dependent on the particular impedance properties of the sys-
tem of interest and in principle requires an optimization step
to determine effective parameters for damping. However,

TABLE II. Optimal nondimensional parameters per layer.
Masses m; have been divided by the mass of a regular atom m,

damping constants y; by B. For reference, the optimal ramped so-
lution are: one layer y=1.000 with R>=0.0412, two layers vy
=0.8602 with R*=0.0664, three layers y=0.7493 with R*=0.0578,
four layers y=0.7234 with R*=0.0532.

N R Yo mg Y1 m Y2 my Y3 mg
1 0.0412 1.000

2 0.0379 0.099 1.020

3 0.0286 0.164 0.084 1.000

4 0.0267 0.076 0.168 0.081 1.006

1 0.0035 0917 0.555

2 0.0015 0.073 1.031 0.936 0.575
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FIG. 13. (Color online) Shock in Si (a) LA branch and (b) LO branch. The wave vector has been normalized by 7 over the lattice

constant a=5.43094 A.

this step may at worst be performed once for a system which
is used for many different simulations, i.e., for Stillinger-
Weber silicon with an (001) boundary plane. Also, effective
but not optimal boundary conditions may be employed with-
out the optimization process, by applying known parameters
from one system to a similar system. Although we have not
explored the sensitivity of the parameters in the optimal so-
Iutions, we conjecture that the reflection properties are not
extremely sensitive to the exact values of damping, addi-
tional mass, and interatomic stiffness per layer. Moreover,
the clear trend in optimal PMMS solutions for the 1D system
suggest a better-performing alternative to the current damp-
ing functions commonly used in that method. With that being
said it seems practical to construct a useful damped boundary
treatment by just understanding where added mass or stift-
ness places zeros in the reflection spectrum in the frequency
band of interest.

One perspective that may help in this endeavor is the idea
that each of the damped boundary layers governed by second
order ordinary differential equations characteristic of
coupled, damped harmonic oscillators which can be inter-
preted in the context of a sequence of second order filters. In
the optimization problem, we adjust mass, damping, and
stiffness of the exterior layers in order to effect zeros in the
transfer function defined by the reflection coefficient R(w) in
analogy with the design of a filter. Although there is no his-
tory or convolution explicitly in this type of treatment, the
propagation of a waveform through a finite number of layers
adds delays that are also characteristic of a sequential filter.
Basic filter design relies on “zero-pole” analysis of the trans-
fer function R(w) which starts with a factorization of the
numerator and denominator of the transfer function. We will
pursue this analysis this in future work. Like all other treat-
ments known to the authors, our analysis is done in continu-
ous time and connects to analog filters. In future work we
intend to explore the discrete time aspects of the MD reflec-
tionless boundary condition problem.

The analogy between wave propagation and signal propa-
gation is actually an old one going back to Brillouin.?* Spe-
cifically Brillouin states that a boundary layer with half the
mass of the normal chain leads to a vanishing real part of
impedance, a fact that our results corroborate, refer to Table
L. In the event that a full optimization is not warranted for the
system of interest, a single layer of damping with half the
mass and a damping coefficient of approximately the spring
constant times the natural frequency should be effective as a
nonreflecting boundary condition. For a multiple-layer
boundary condition, the optimal linear PML may be used
where the final damped atom is damped by the same value
suggested for a single layer and a ramped damping profile is
used for all other layers.

We have not touched on the issues implicit in truly three-
dimensional configurations with waveforms with non-normal
incidence, nor on lattices with more than nearest-neighbor
interactions. We leave these topics for future work. Exten-
sion of this work to finite-temperature systems should be
relatively straightforward since the creation of the damping
kernel or its efficient approximation, as in this work, is inde-
pendent of the generation of the random force term used in
generalized Langevin treatments to maintain the temperature
at the boundary. Of course the fluctuation-dissipation theo-
rem does link the two together and establishing this connec-
tion precisely for the proposed represents the primary chal-
lenge.
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